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Abstract

We examine four desirable properties of optimal commitment rules: timelessness (in-

variance of the form of rule for t ≥ 0), transparency (rules expressed purely in terms of

observable macroeconomic variables, i.e., are part of the private sectors assumed infor-

mation set), implementability (rules that are both transparent and saddle-path stable)

and finally robustness (rules that are independent of the exogenous shock processes).

In a new result for the literature we show that the standard form of the timeless and

transparent optimal rule is not necessarily saddle-path stable and therefore not im-

plementable. We go on to show that there are non-standard, multiple forms of the

timeless, transparent rule that are saddle-path stable. The multiplicity of such equi-

libria then creates an identification problem for the econometrician who sets out to

estimate a model assuming timeless (or optimal) policy, but who lacks knowledge of

the optimization problem of the policymaker. We show that it has not been established

that the concept of the optimally robust rule of Giannoni and Woodford (2003a) can be

generalized to models with both forward- and backward-looking endogenous variables.

Finally we indicate how one can extend the results to the more general case when, for

example, there are noisy measurements or when the shocks cannot be directly observed.
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1 Introduction

This paper considers the conduct of optimal macroeconomic policy in the form of commit-

ment rules. In a treatment that focuses on monetary policy, but in fact is quite general,

Svensson and Woodford (2004) sets out three alternative decision frameworks that imple-

ment the optimal equilibrium. First, a general targeting rule specifies target variables,

desired levels of such variables a set of instruments and a loss function defined in terms of

these three elements. The second, a specific targeting rule, specifies a criterion involving

endogenous variables that must be satisfied along the path of the optimal equilibrium. The

third, an explicit instrument rule, specifies the exact setting of the policymakers’ instru-

ments as a function of endogenous or exogenous variables along the equilibrium path.

This paper studies explicit instrument rules, but in fact our results also apply to the

other two ways of implementing the optimal equilibrium. We examine four desirable proper-

ties of instrument rules: timelessness (invariance of the form of rule for t ≥ 0), transparency

(rules expressed purely in terms of macroeconomic variables that are part of the private

sectors assumed information set), implementability (rules that are both transparent and

saddle-path stable) and finally robustness (rules that are independent of the exogenous

shock processes). In a new result for the literature we show that the standard general

form of the timeless and transparent rule is not necessarily implementable. We go on to

show that there are non-standard, multiple forms of the timeless, transparent rule that are

saddle-path stable and therefore implementable. The multiplicity of such equilibria then

creates an identification problem for the econometrician setting out to estimate a model

assuming that timeless policy has been implemented over the estimation period. We fur-

ther show that the ‘robustness criterion’ first introduced by Woodford (2003), namely that

rules should be expressed in a form independent of the exogenous shocks, only applies to

the optimal timeless rule in set-ups such as the standard New Keynesian model without

backward-looking variables such as capital stock.

We also study optimized simple rules which are timeless, transparent, designed to be

saddle-path stable and are therefore implementable. Timelessness, it should be emphasized,

is not the same thing as time consistency in the Kydland-Prescott (KP) sense. Time con-

sistent policy has the property that no incentive exists to re-optimize along the equilibrium

path – such a policy must be found by backward-induction using the Bellman method.

The optimal timeless rule does not have this property and nor do optimized simple rules.

Indeed, as we show, optimized simple rules although timeless, are time-inconsistent in the

KP sense even in models without forward-looking rational behaviour.

For the most part we confine ourselves to the case of rational expectations with perfect

information on the part of agents. We then outline how our results can be extended to

the case of imperfect information, where agents only observe a subset of the state vector of

variables and all observations may be subject to measurement error.

The plan for the rest of the paper is as follows. Section 2 derives the timeless, imple-
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mentable rule for a standard New Keynesian model. Section 3 generalizes the results to

any model in state-space form. As well as examining optimal policy, this section studies

optimized simple rules that attempt to mimic the optimal rule. Section 4 provides an im-

perfect information generalization of section 3. Section 5 looks at the implications of our

results for identification and section 6 concludes the paper.

2 Optimal Policy: Simple Example

2.1 The Model

Before examining a general model in linear state-space form, we first illustrate the issues

using a standard New Keynesian model. In a linearized form in the vicinity of a no-

growth zero-inflation steady state it consists of a Keynes-Ramsey equation for consumption

behaviour, (4) below with output equal to consumption in the absence of capital, investment

and government spending, and a Phillips curve based on Calvo-type price setting for firms,

(5). There are three exogenous shocks: technology, mark-up and preference shocks, (1)–(3).

Table A1 in appendix A provides details of the notation used throughout this section.

at+1 = ρaat + ǫa,t+1 (1)

et+1 = ρeet + ǫe,t+1 (2)

uC,t+1 = ρCuC,t + ǫC,t+1 (3)

Etyt+1 = yt +
1

σ
(it − Etπt+1 + EtuC,t+1 − uC,t) (4)

βEtπt+1 = πt − λmct − et (5)

mct = (σ + φ)yt − (1 + φ)at (6)

lt = yt − at (7)

rt = it − Etπt+1 (8)

ŷt =

(

1 + φ

σ + φ

)

at (9)

ot = ŷt − yt (10)

where the slope of the Phillips curve is given by

λ =
(1 − βξ)(1 − ξ)

ξ
(11)

The model is solved under rational expectations assuming agents know the model con-

straints and the policy rule, and have perfect information of current shocks and the re-

maining state variables yt and πt (and therefore remaining variables mct, lt, rt, it, ŷt and

ôt.)

We choose a loss function Et[Wt] that corresponds to the welfare-based quadratic form
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in Woodford (2003) with

Wt =
1

2

[

(σ + φ)o2
t + wππ2

t + wii
2
t

]

+ t.i.p (12)

In the absence of any constraint on the nominal interest rate we have wi = 0, but wi > 0 is

required to impose an approximate form of the zero lower bound (ZLB) constraint on the

nominal interest rate.1

2.2 Optimal Policy

By certainty equivalence the optimal rule can be found by solving for the purely determin-

istic problem. The policymaker’s problem is then to choose a path for the nominal interest

rate, {it}, to minimize the welfare loss for which the Lagrangian is

L =
1

2

∞
∑

t=0

βt

[

(σ + φ)o2
t + wππ2

t + wii
2
t

+ 2µ1,t+1(ρaat − at+1) + 2µ2,t+1(ρeet − et+1)

+ 2µ3,t+1(ρCuC,t − uC,t+1) + 2µ4,t+1 (πt + λ[(1 + φ)at − (σ + φ)yt] − βπt+1 − et)

+ 2µ5,t+1

(

yt +
1

σ
(it − πt+1 + (ρC − 1)uC,t) − yt+1

)

]

(13)

where µi,t, i = 1, 5 are Lagrangian multipliers.

The foc for this problem are

it : wiit +
1

σ
µ4,t+1 = 0 (14)

πt : wππt + µ4,t+1 − µ4,t −
1

σβ
µ5,t = 0 (15)

yt : −(σ + φ)ot − λ (σ + φ)µ4,t+1 + µ5,t+1 −
1

β
µ5,t = 0 (16)

plus the original constraints of the model. Hence we have for the two multipliers associated

with the two forward-looking model constraints

µ4,t+1 = µ4,t +
1

σβ
µ5,t+1 − wππt (17)

µ5,t+1 =
1

β
µ5,t + λ (σ + φ) µ4,t+1 + (σ + φ)ot (18)

it = −
1

wiσ
µ4,t+1 (19)

For the ex ante optimal policy optimality boundary conditions are µ4,0 = µ5,0 = 0 and the

transversality conditions limt→∞ βtµi,t = 0, i = 1, 5. The model constraints (1) – (10), the

1This approximate form imposes a low probability of hitting the ZLB constraint. See Woodford (2003),
chapter 6 and Levine et al. (2008).
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foc (14)– (16) and the boundary condition constitute the ex ante optimal policy equilibrium.

Using the foc above this implies the following relationship between i0, o0 and y0

i0 = −
1

wiσ

[

(σ + φ)o0 − σβwππ0

(σβ − λ(σ + φ))

]

(20)

For all plausible parameter values (σβ − λ(σ + φ)) >> 0. Thus (20) says that the initial

optimal setting of the interest rate responds negatively to the output gap and positively to

inflation.

2.3 The Timeless Perspective

However this relationship only exists at t = 0 when the rule is formulated and announced.

For t > 0 the optimal rule implies quite a different relationship. This can be obtained

by eliminating µ5,t and µ4,t from (17) and (18). The interest rate rule (14) can then be

expressed as

it =

[

(β + 1)σ + λ(σ + φ)

σβ

]

it−1 −
1

β
it−2 −

(σ + φ)

wiσ
[(ot − ot−1) − wπλπt] (21)

so the interest rate adjusts gradually, responding negatively to ∆ot and positively to πt. If

the welfare loss to be minimized is the conditional loss at the steady state then at t = 0 we

have i−1 = o−1 = π−1 = 0 and the initial relationship between i0, o0 and y0 is now

i0 = −
(σ + φ)

wiσ
[o0 − wπλπ0] (22)

Clearly this initial relationship differs sharply from (20). Again assuming (σβ−λ(σ+φ)) >>

0, the response at time t = 0 of the interest rate to deviations of the output gap and inflation

under optimal is far more aggressive for the optimal policy than for the timeless perspective.

Rule (21) has both the timeless perspective and the robustness properties. It is timeless

in that the initial relationship (20) at t = 0 continues for t > 0; it is robust in that it is

expressed in a form independent of the shock processes.

2.4 Implementation

As in Levine and Currie (1987) one must carefully distinguish between the transparent

representation of a rule and its implementation. We define a rule as transparent if it can be

expressed in terms of observable macroeconomic variables i.e., are part of the private sectors

assumed information set. Consider first the optimal rule. The timeless rule (21) expresses

the interest rate in terms of lagged observable macroeconomic variables ot and πt and is

therefore transparent. It is implementable if, in addition to transparency, in conjunction

with the original model, it is saddle-path stable. In fact the model under rule (21) has the

same stability properties as the optimal policy equilibrium. By standard control theory such
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a system is in general saddle-path stable providing that β is sufficiently close to unity (see

the next section). The rule then has all four of our desirable characteristics: timelessness,

robustness, implementability and robustness.

We now make a number of observations. First, as we will see in the following section, the

robustness criterion is specific to the New Keynesian model and does not generalize. Second,

as first pointed out by Levine and Currie (1987), there are transparent representations of

the optimal rule that are not saddle-path stable and therefore not implementable. One

example for our model is found by eliminating πt and yt from (17) and (18) using (15) and

(16). This results in the following dynamic system in backward-looking variables µ4,t and

µ5,t:
[

µ4,t+1

µ5,t+1,t

]

= X

[

µ4,t

µ5,t

]

(23)

Since this is part of the saddle-path stable optimal equilibrium this system must be stable;

i.e., X must have two eigenvalues within the unit circle. Hence it has a stable solution

[

µ4,t

µ5,t,t

]

= Xt−1

[

µ4,0

µ5,0

]

(24)

The right-hand-side of (24) is zero for the ex ante optimal policy and some constant for the

timeless case. It follows from (19) that the interest rate path is constant. It is a well-known

property of the NK model that an exogenous interest rate path results in indeterminacy.

Third, timeless rules are both sub-optimal and time-inconsistent in the Kydland-Prescott

sense. Timeless and time-consistent rules are sub-optimal and cannot in general be welfare-

ranked. Indeed, as a number of papers have shown, the time-consistent, discretionary policy

can out-perform the optimal timeless rule (see Blake and Kirsanova (2004), Dennis (2010)).

A final point concerns optimized simple Taylor-type rules such as a rule it = α1πt − α2ot

where α1, α2 are chosen to minimize the loss function. They also have the characteristics

of implementability and can be designed (as in this case) to be robust; but in addition they

can be far simpler and be designed to mimic the fully optimal rule closely. Again simple

rules are not time-consistent and indeed have the property of time-inconsistency even in

the absence of forward-looking rational behaviour by agents.

3 Optimal Policy: General Case

We can write this system in a general state space form as

[

zt+1

Etxt+1

]

= A

[

zt

xt

]

+ Bit + C







ǫa,t+1

ǫe,t+1

ǫC,t+1






(25)
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st =

















mct

yt

lt

rt

ot

















= F

[

zt

xt

]

≡ Fyt (26)

Wt =
1

2
[y′tQyt + 2y′tUit + Ri2t ] (27)

where zt = [at, et, uC,t]
′ is a vector of predetermined variables, xt = [yt, πt]

′ is a vector of

non-predetermined or ‘jump’ variables, and st is vector of outputs of interest. The chosen

instrument is the nominal interest rate, it. A, B, C, F , Q, U and R are fixed matrices and

ǫt is a vector of random zero-mean shocks. Rational expectations are formed assuming a

full information set {zs, xs, ǫs}, s ≤ t, the model and the monetary rule.

First consider the purely deterministic problem with a model then in state-space form:

[

zt+1

xe
t+1,t

]

= A

[

zt

xt

]

+ Bwt (28)

where zt is an (n − m) × 1 vector of predetermined variables including non-stationary

processed, z0 is given, wt is now a r × 1 vector of policy variables that can include fiscal

instruments, non-conventional monetary instruments etc, xt is an m × 1 vector of non-

predetermined variables and xe
t+1,t denotes rational (model consistent) expectations of xt+1

formed at time t. Then xe
t+1,t = xt+1 and letting y′t = [z′t x′t] (28) becomes

yt+1 = Ayt + Bwt (29)

Define target variables st by

st = Jyt + Hwt (30)

Then the policy-maker’s loss function at time t by

Ωt =
1

2

∞
∑

τ=0

βt[s′t+τQ1st+τ + w′

t+τQ2wt+τ ] (31)

which we can rewrite as

Ωt =
1

2

∞
∑

i=0

βt[y′t+τQyt+τ + 2y′t+τUwt+τ + w′

t+τRwt+τ ] (32)

where Q = J ′Q1M , U = J ′Q1H, R = Q2 + H ′Q1H, Q1 and Q2 are symmetric and

non-negative definite, R is required to be positive definite and β ∈ (0, 1) is discount factor.
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3.1 The Optimal Policy with Commitment

Consider the policy-maker’s ex-ante optimal policy at t = 0. This is found by minimizing Ω0

given by (32) subject to (29) and (30) and given z0. We proceed by defining the Hamiltonian

Ht(yt, yt+1, µt+1) =
1

2
βt(y′tQyt + 2y′tUwt + w′

tRwt) + µt+1(Ayt + Bwt − yt+1) (33)

where µt is a row vector of costate variables. By standard Lagrange multiplier theory we

minimize

L0(y0, y1, . . . , w0, w1, . . . , µ1, µ2, . . .) =

∞
∑

t=0

Ht (34)

with respect to the arguments of L0 (except z0 which is given). Then at the optimum,

L0 = Ω0.

Redefining a new costate column vector pt = β−tµ′

t, the first-order conditions lead to

wt = −R−1(βB′pt+1 + U ′yt) (35)

βA′pt+1 − pt = −(Qyt + Uwt) (36)

Substituting (35) into (29)) we arrive at the following system

[

I βBR−1B′

0 β(A′ − UR−1B′)

] [

yt+1

pt+1

]

=

[

A − BR−1U ′ 0

−(Q − UR−1U ′ I

][

yt

pt

]

(37)

To complete the solution we require 2n boundary conditions for (37). Specifying z0

gives us n−m of these conditions. The remaining condition is the ‘transversality condition’

lim
t→∞

µ′

t = lim
t→∞

βtpt = 0 (38)

and the initial condition

p2,0 = 0 (39)

where p′t =
[

p′1,t p′2,t

]

is partitioned so that p1,t is of dimension (n − m) × 1. Equation

(30), (35), (37) together with the 2n boundary conditions constitute the general form of

the optimal policy equilibrium. It is a standard result in control theory that it is saddle-path

stable providing β is sufficiently close to unity.

Solving the system under control leads to the following representation of the equilibrium

wt = −F

[

I 0

−N21 −N22

][

zt

p2,t

]

≡ D

[

zt

p2,t

]

= −F

[

zt

xt

]

(40)

where
[

zt+1

p2,t+1

]

=

[

I 0

S21 S22

]

G

[

I 0

−N21 −N22

][

zt

p2,t

]

≡ H

[

zt

p2,t

]

(41)
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N =

[

S11 − S12S
−1

22
S21 S12S

−1

22

−S−1
22

S21 S−1
22

]

=

[

N11 N12

N21 N22

]

(42)

xt = −
[

N21 N22

]

[

zt

p2,t

]

(43)

where F = −(R + B′SB)−1(B′SA + U ′), G = A − BF and

S =

[

S11 S12

S21 S22

]

(44)

partitioned so that S11 is (n − m) × (n − m) and S22 is m × m is the solution to the

steady-state Ricatti equation

S = Q − UF − F ′U ′ + F ′RF + β(A − BF )′S(A − BF ) (45)

The conditional welfare loss for the optimal policy (OP) at time t is

ΩOP
t = −

1

2
(tr(N11Zt) + tr(N22p2,tp

′

2,t)) (46)

where Zt = ztz
′

t. To achieve optimality the policy-maker sets p2,0 = 0 at time t = 0. At

time t > 0 there exists a gain from reneging by resetting p2,t = 0. It can be shown that

N11 < 0 and N22 < 0.2, so the incentive to renege exists at all points along the trajectory of

the optimal policy. This is the time-inconsistency problem and it applies equally to the ex

ante optimal policy (with p2,0 = 0) and to the timeless perspective. This we now consider.

3.2 The Timeless Perspective

Dennis (2010) proposes a form of the rule that is timeless, but not robust, and that gener-

alizes the rule derived for the simple model. Write (40) and (43) as

xt = −N21zt − N22p2,t (47)

wt = F1zt + F2p2,t (48)

Define the (m + r) × 1 vector dt ≡ [x′tw
′

t]
′ and write

dt = K1zt + K2p2,t (49)

2See Currie and Levine (1993), chapter 5.
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Assume that there exists an m× (m + r) matrix K+

2
which satisfies K+

2
K2 = I and write3

p2,t = K+

2
(dt − K1zt) (50)

Then eliminating p2,t from (41) we arrive at

zt+1 = (H11 − H12K
+
2

K1)zt + H12K
+
2

dt (51)

dt = K1zt + [K2H21 − K2H22K
+
2

K1]zt−1 + K2H22K
+
2

dt−1 (52)

This generates a process for w in terms of zt and xt without imposing p20 = 0 (the

timeless property). However there is no means of imposing saddle-path stability, nor since

zt contains the exogenous shocks, is the rule as it stands robust in the Woodford (2003)

sense. We consider these two issues in turn.

3.3 Implementation

The ex-ante optimal rule (40) may also be expressed as

wt = D1zt + D2

t
∑

τ=1

(H22)
τ−1H21zt−τ (53)

where D = [D1 D2] is partitioned conformably with zt and p2,t. The rule then consists of a

feedback on the lagged predetermined variables with geometrically declining weights with

lags extending back to time t = 0, the time of the formulation and announcement of the

policy. The timeless form of (53) removes the p2,0 = 0 optimality condition and writes the

rule as

wt = D1zt + D2

∞
∑

τ=1

(H22)
τ−1H21zt−τ (54)

However this form of the rule although transparent is not implementable. As we have

seen for our NK model, announcing the rule in the form of (53) or (54) in conjunction with

the model (29) does not in general lead to determinacy. For the purely forward-looking

NK model D1 = H21 = 0, so (53) or (54) lead to wt = 0 which results in indeterminacy.

Levine and Currie (1987) discuss other forms of the rule that are transparent but not

implementable.

We now turn to central result of the paper. We pose the question of whether timeless

policy, (51), and the equilibrium of the optimal policy (37), which have the same dynamic

properties, have the necessary implementable characteristic of saddle-path-stability.

Clearly, to ensure that the system is determinate, we must find an expression for the

implementable rule that is not of the form (40) or (53). The most obvious possibility is to

3Note that there are an infinite number of matrices satisfying K+

2 K2 = I so there are an infinite number
of representations of the timeless policy. One choice for K+

2 is the left generalized inverse of the (m+ r)×m

matrix K2 given by K+

2 = (K′

2K2)
−1K′

2. K2 must then be of full rank for K+

2 to exist.
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ensure that the policy feedback rule for the general case involves a feedback on xt as well

as on zt and p2,t; there is no point of course in using p1,t in the feedback rule, because it

is a forward-looking variable, and it would be confusing to agents to introduce yet another

forward-looking variable into the system. How do we achieve this feedback? We first note

that the pt = Syt relationship can be expanded to

p1,t = S11zt + S12xt p2,t = S21zt + S22xt (55)

so that we can obtain an infinite number of representations of p1,t in terms of the other

variables:

p1,t = S11zt + S12xt + M(p2,t − S21zt − S22xt) (56)

where M is a matrix of appropriate dimensions. The form (40) uses M = S12S
−1
22

so that

p1,t only depends on zt and p2,t. Thus, given that the policy rule is expressed in terms of

pt+1, our objective is to write the policy rule in a way that includes p2,t, but eliminates the

variable p1,t, and replaces it by (56). The next section indicates how to obtain an ARMA

representation of the timeless rule in terms of the variables yt.

We need to choose M in such a way that the implemented system is saddle-path stable.

The following theorem, which is the main result of this section, not only shows how to do

this, but is also the first ever general statement that an optimal rule exists that ensures

that an RE system under the rule is saddle-path stable.

Theorem 1: For non-zero M , the system is determinate provided that G22 + M ′G12

has stable eigenvalues, where G12 is the (n − m) × m top right matrix of G. Furthermore,

there exist an infinite number of such matrices with the required property.

Proof: See Appendix.

There are several implications of this theorem, of which the first is :

Corollary 1: If M = 0, then the system is determinate provided that G22 has stable

eigenvalues, where G22 is the m × m bottom diagonal matrix of the system matrix G =

(I + βBR−1B′S)−1A.

Note that for the basic NK model there are no predetermined variables, so G22 = G,

and this implementation automatically leads to determinacy. However when there are also

predetermined variables, then there is no reason at all why G22 should be a stable matrix.

The main implication of Theorem 1 is:

Corollary 2: There are an infinite number of representations of the timeless policy that

yield saddle-path stability and have identical structure, but with different parameter values

through the choice of M .

The results above also apply to the ’universally optimal’ rule of Damjanovic et al.

(2008). The latter shows that when the optimal choice of instrument must be chosen

over all equilibrium realizations of initial conditions, then this is equivalent to solving the
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problem of maximizing (32) with the discount factor β (within (32)) set equal to 1. In

general then, since the only thing that is changed from Corollary 2 is the discount factor,

we have the following result:

Corollary 3: Corollary 2 also applies to the universally optimal policy.

3.4 Representations of the Implementable Timeless Rule

Without loss of generality we can include target variables st in the state vector so that

U = 0. The equations governing the optimal equilibrium are then

yt+1 = Ayt + Bzwt wt = −βR−1B′pt+1 pt = Syt (57)

Substituting pt+1 = Syt+1 and for yt+1 yields the expression

wt = −βR−1B′S(Ayt + Bwt) (58)

which can be solved to give the standard expression wt = −(I+βR−1B′SB)−1βR−1B′SAyt.

For the case in hand, the relevant equations are:

yt+1 = Ayt + Bwt wt = −βR−1(B′

1p1,t+1 + B′

2p2,t+1) p1,t = S1yt + M(p2,t − S2yt)

(59)

βA′

2Syt+1 + β(A′

22 + A′

12M)(p2,t+1 − S2yt+1) = −Q2yt + p2t (60)

Hence we have

p2,t+1 =
1

β
(A′

22 + A′

12M)−1(−Q2yt + p2t − βA′

12(S1 − MS2)(Ayt + Bwt)) (61)

and that for wt is given by

(I + JB)wt = −JAyt + R−1(B′

2 + B′

1M)(A′

22 + A′

12M)−1(Q2yt − p2t) (62)

where J = βR−1(B′

1 − B′

2(A
−1
22

)′A′

12)(I + M(A−1
22

)′A′

12)
−1(S1 − MS2)

Writing these two equations as

p2,t+1 = Wp2,t + Xyt (63)

wt = Y p2,t + Zyt (64)

it follows that in lag operator format we may write

wt = (Y (I − LW )−1XL + Z)yt (65)

This is one form of our timeless implementable representation of the optimal equilibrium.

It is saddle-path stable by a careful choice of M , but responds to shocks (as part of the

11



vector yt) and therefore fails the robustness criterion.

By analogy with (54), (65) can be written as

wt = Zyt + Y

∞
∑

τ=1

(W )τ−1Xyt−τ (66)

whilst the ex ante optimal but not timeless form of the rule is now

wt = Zyt + Y

t
∑

τ=1

(W )τ−1Xyt−τ (67)

where matrices Z, W and X are functions of the matrix M . The difference now is that

in conjunction with the model (28) these two forms of the rule are now guaranteed to be

saddle-path stable by the choice of M and are therefore implementable.

3.5 Can the Robustly Optimal Criterion be Generalized?

Whereas we have seen that the robustly optimal criterion can be applied to the basic NK

model that is pure forward-looking, Giannoni and Woodford (2003a) and Giannoni and

Woodford (2003b), attempt to show how it can be used when the system includes both

backward and forward-looking variables. Although these latter two papers are daunting,

their content is very simple when the system is expressed in the form of (28)4. In the case

addressed here, the robustly optimal criterion is merely based on the first-order conditions

for the states (36), with the instrument rule linearly dependent on the Lagrange multipliers

pt+1. If the system is purely forward-looking then the robustly optimal rule is rewritten as

pt+1 =
1

β
(A′)−1(pt − Qyt) (68)

whereas for the purely backward-looking case it takes the form

pt = Qyt − βA′Etpt+1 (69)

The conclusion that we immediately draw from these expressions is that if the system is

purely forward-looking, as is the case for the basic New Keynesian model, then the rule

(dependent on the evolution of (68)) is transparent. On the other hand, for a purely

backward-looking system, the robustly optimal instrument rule is dependent on future

expectations of the future path of the underlying variables, so that it cannot be transparent.

If the optimal rule in the latter case were represented in the conventional form, as a simple

feedback on current system variables, then this would entail feeding back on states that

describe the shock process; if for example the parameter of the AR1 process describing this

were not known, this would be an argument in favour of the forward-looking rule (69).

4Ellison and Pearlman (2010) show in an appendix that most RE models initially written in the form
A0Yt+1,t + A1Yt + A2Yt−1 = DWt, where A0 is singular can be written in this way.
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For the case when there are both backward and forward-looking variables, the essence

of the robustly optimal result of Giannoni and Woodford (2003a) is that there exist matrix

operators Θ(L) and Φ(L−1), each with stable roots, such that wt has the representation

Θ1(L)wt = Et[Θ2(L
−1)yt]. Thus the optimally robust rule once again depends (in part) on

expectations of the future path.

We see two problems with this result. The first is that rational expectations of the

future paths of endogenous variables are not directly observed and therefore the rule is not

transparent in our sense of the term. Although, assuming model consistent expectations,

rational agents can work out these paths, to do so requires complete information of the

entire state vector including the exogenous shocks. This goes against the whole idea of the

robustness criterion which seeks a rule that is independent of such shocks.

Even if one can get round this first problem, a second more critical one is that there

is an error in the derivation of the robustly optimal rule. Giannoni and Woodford (2003a)

focus on the eigenvalues of matrix βA′, but are not explicit about the differing roles of the

p1,t and p2,t costate variables.5 The derivation of their result ignores the structure of the

first-order conditions, which is what leads the incorrect use of expectations noted in the

footnote. To understand what is going wrong in their analysis, it is useful to write (36) in

a form that incorporates p1,t as a forward-looking variable, as it is associated with a set of

backward looking equations, and conversely p2,t as a backward-looking variable:

βA′

[

Etp1,t+1

p2,t+1

]

−

[

p1,t

p2,t

]

= −Qyt (70)

One can formally write the solutions for p1,t and p2,t in lag operator form as

p1,t = Et[(I−βA′

11L
−1)−1(βA′

21L
−1p2,t+Q1yt)] (I−

1

β
(A′

22)
−1L)p2,t+1 = −

1

β
(A−1

22
)′(Q2yt+A′

12Etp1,t+1)

(71)

To obtain the rule for wt as a linear function of p1,t, p2,t we need to solve (71) for each of

these variables. Thus the relationship between p2,t and yt is given by

(I−
1

β
(A′

22)
−1L)p2,t+1 = −

1

β
A−T

22
(Q2yt+A′

12Et[(I−βA′

11L
−1)−1(βA′

21L
−1p2,t+1+Q1yt+1)])

(72)

It is not all obvious how to solve this for p2,t, and there is nothing in Giannoni and Woodford

5Without going into full details, consider the following two systems, where at, bt are scalars:

[

at+1

Etbt+1

]

= A

[

at

bt

]

+ Bwt

[

Etat+1

bt+1

]

= A

[

at

bt

]

+ Bwt

Following the method of Giannoni and Woodford (2003a), the robustly optimal rule would then be written
in an identical way for each of these, which is clearly implausible. Further evidence of confusion involving
use of expectations is that in Giannoni and Woodford (2003b), equation (A.16) should be a lagged version
of the first equation on p79, except that both equations use expectations at time t. Giannoni and Woodford
(2003a) fail to account for the forward-looking nature of p1,t, which is why their robustly optimal solutions
would be identical for the cases of these.
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(2003a) that indicates how to factorize this to obtain their result. The implication is that

for a system with both forward and backward-looking variables the existence of a robustly

optimal rule has not been established..

3.6 Optimized Simple Rules

We now consider simple sub-optimal rules of the form

wt = Dyt = D

[

zt

xt

]

(73)

where D is constrained to be sparse in some specified way. Rule (73) can be quite general.

By augmenting the state vector in an appropriate way it can represent a PID (proportional-

integral-derivative) rule, and include lags and forward-looking expectations of endogenous

variables (such as in forecast-based inflation targeting rules).

To find the optimized simple rule with respect to the coefficients of the sparse matrix

D, we proceed as follows. Substitute (73) into (32) to give

Ωt =
1

2

∞
∑

i=0

βty′t+iPt+iyt+i (74)

where P = Q+ UD + D′U ′ + D′RD. The equilibrium given by (28), with wt given by (73),

has a rational expectations solution with xt = −Nzt where N = N(D). Hence

y′tP yt = z′tT zt (75)

where T = P11 − N ′P21 − P12N + N ′P22N , P is partitioned as for S in (44) onwards and

zt+1 = (G11 − G12N)zt (76)

where G = A + BD is partitioned as for P . Solving (76) we have

zt = (G11 − G12N)tz0 (77)

Hence from (78), (75) and (77) we may write at time t

ΩSIM
t =

1

2
z′tV zt =

1

2
tr(V Zt) (78)

where Zt = ztz
′

t and V satisfies the Lyapunov equation

V = T + H ′V H (79)

where H = G11 − G12N . At time t = 0 the optimized simple rule is then found by

minimizing Ω0 given by (78) with respect to the non-zero elements of D over values that
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make the model saddle-path stable, given z0 using a standard numerical technique.

An important feature of the optimized simple rule is that unlike the fully optimal solu-

tion the optimal value of D, D∗ say, is not independent of z0. That is to say

D∗ = D∗(z0)

This is the non-certainty equivalence property of optimized rules discussed at length in

Levine and Currie (1987). It follows that such rules are time inconsistent. It follows that

optimized rule at time t > 0 is a function of the new point reached by the predetermined

variables zt. Notice that this feature is still true even without forward-looking variables in

the model. However by design the optimized simple rule has all the four desirable properties

we have been discussing. It is time-invariant in in its structure and therefore timeless. It

feeds back on variables within the information set of the private sector and is transparent.

Transparency in a stronger sense can be imposed by choosing a subset of variables that

exclude the exogenous shocks and other variables for which data is not easily available.

The former of these restrictions renders the rule robust. Finally the model with the rule it

is saddle-path stable by construction and therefore the latter is implementable.

3.7 The Stochastic Case

So far our analysis has been confine to a deterministic model, but can easily be extended

to the stochastic case. Consider the stochastic generalization of (28)

[

zt+1

xe
t+1,t

]

= A

[

zt

xt

]

+ Bwt +

[

ut

0

]

(80)

where ut is an n × 1 vector of white noise disturbances independently distributed with

cov(ut) = Σ. Then, it can be shown that certainty equivalence applies to all the policy

rules apart from the simple rules (see Currie and Levine (1993)). The expected loss at time

t is as before with quadratic terms of the form z′tXzt = tr(Xzt, Z
′

t) replaced with

Et

(

tr

[

X

(

ztz
′

t +

∞
∑

i=1

βtut+iu
′

t+i

)])

= tr

[

X

(

z′tzt +
λ

1 − λ
Σ

)]

(81)

where Et is the expectations operator with expectations formed at time t.

Thus for the optimal policy with commitment (46) becomes in the stochastic case

ΩOP
t = −

1

2
tr

(

N11

(

Zt +
β

1 − β
Σ

)

+ N22p2,tp
′

2t

)

(82)

The optimized simple rule is found at time t = 0 by minimizing ΩSIM
0 now given by

ΩSIM
t =

1

2
z′tV zt =

1

2
tr(V

(

Zt +
β

1 − β
Σ

)

(83)
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Now we find that

D∗ = D∗

(

z0z
′

0 +
β

1 − β
Σ

)

(84)

or, in other words, the optimized rule depends both on the initial displacement z0 and on

the covariance matrix of disturbances Σ.

4 Extension to Imperfect Information

Extending the ideas of this paper to the case when agents have imperfect information of

the states of the system is straightforward, using the results of Pearlman (1992). Suppose

that the measurements mt made by agents at time t are given by

mt = K1zt + K2xt + vt (85)

where vt represents measurement error, distributed normally, with mean 0 and covariance

V. Pearlman (1992) shows that the fully optimal policy has the property of being certainty

equivalent, with the instrument rule at time t being dependent on the evolution of the best

estimates of the states over time i.e on the sequences {zs,s, xs,s} : s = −∞, ..., t. Thus for

a given value of the matrix M , defined earlier, the rule is given by (61) and (62), with yt

replaced by yt,t. The requirements for determinacy of the system coupled with the rule are

then identical to those of Theorem 1.

The only addition that we require is a solution to the filtering problem for finding the

best estimates of zt,t and xt,t. Given the optimal rule, it is then straightforward using the

results of Pearlman et al. (1986) to show that these estimates are generated by filtering

equations of the form

zt+1,t = f(zt,t−1, p2,t,mt) zt,t = g(zt,t−1, p2,t,mt) xt,t = h(zt,t−1, p2,t,mt) (86)

where the functions f, g, h are all linear in the arguments, and the corresponding matrix

multipliers depend on the coefficients of the system, the rule, and a Riccati matrix for the

covariance of zt − zt,t−1.

Provided that one knows the structure of the shock processes, but without needing to

observe them, it follows that optimal policy satisfies the requirements of transparency and

is dependent on current and past values of the measurements mt.

5 Identification Issues

The multiplicity of optimal policies poses no problems for transparency as long as the chosen

rule is announced and is expressed in terms of observable macroeconomic variables. However

if we wish to estimate a dynamic model under optimal timeless policy using historical data,

there may be an identification problem depending on the way the policy rule is formulated.
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Suppose first that the econometrician formulates the optimization problem of the pol-

icymaker as we do in this paper. The welfare loss of the policymaker could mimic that

of the representative agent household or it could be of an ad hoc form in which case new

parameters defining the latter must be added to the parameters, say θ. Then we can con-

struct a likelihood function for the data y, L(y|θ,Mi), conditional on the model parameters

and the choice of optimal policy Mi where there are multiple forms of the optimal pol-

icy given by i = 1, 2, · · ·. It follows from our analysis that L(y|θ,Mi) = L(y|θ,Mj) for

i 6= j, implying that the model under optimal policy, timeless or otherwise is not strictly

identified. However the parameters θ are independent of the choice of Mj, so all the econo-

metrician has to do is set the the model (28) with the rule given by (65) for any Mj that

yields saddle-path stability and then proceed to estimate the model by the now standard

Bayesian-Maximum-Likelihood methods. Note that this type of estimation could be used

for a marginal likelihood race between (i) the full optimal rule, (ii) the time-consistent

rule6 and (iii) a simple rule, where the latter is sufficiently parsimonious that there is no

identification issue arising.7

However an identification problem does arise when there is not complete information

regarding the optimization procedure carried out by the policymaker during the sample

period. This is arguably more realistic. The econometrician will then enter directly the

rule (65) without knowing the dependence or the matrices W , X, Y and Z or the parameters

defining the model or, for the case of an ad hoc objective function, those parameters defining

this as well. Now the parameters to be estimated depend on the choice of Mj which is

unknown to the econometrician. Now we have that L(y|θ(Mi),Mi) = L(y|θ(Mj),Mj) for

i 6= j, implying now that the parameters θ are unidentified.

For example suppose the instrument is only the nominal interest rate. Then (65) takes

the form of an infinite Taylor-type rule

it =
∞
∑

τ=0

ατyt−τ (87)

Our analysis indicates that there are an infinite number of implementable forms of the

parameters {ατ} all resulting in identical dynamic paths for the model under the rule.

Hence the likelihoods are identical and the parameters cannot be identified in a systems

estimation.

6Lippi and Neri (2007) perform such an estimation assuming time-consistent policy is in place.
7This approach presents some computational difficulties since, although the parameter estimates are

independent of Mi, the reverse is not the case; a given Mi that ensures an implementable rule for one set of
parameters might not yield an implementable rule for a different set of parameters.
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6 Conclusions

The main theoretical result of this paper has been to show that there exists a transparent

and implementable (saddle-path stable) form of the optimal rule. In addition the proof

of the theorem indicates how one may construct such an implementable form of the rule.

A drawback however is that there are an infinite number of such representations of the

optimal rule. This in turn has implications for identification; in the absence of knowledge

of the optimization problem of the policymaker, an econometrician attempting to estimate

the optimal rule would be engaging in a futile quest. The only econometric issue on optimal

policy that can sensibly be addressed, even if the econometrician understands the microeco-

nomic foundations, is whether the policymaker is engaging in optimal policy, simple rules,

or time consistent policy.

Arguably therefore, the most satisfactory forms of timeless, transparent, implementable

and robust rules are optimized Taylor-type simple rules. These can be designed for monetary

and fiscal rules as is now common in the literature. But they are also relevant for macro-

prudential regulation (see Angeloni and Faia (2010)).

Time consistency of optimal rules has been recognized as a problem for many decades,

and as a partial response to this the timeless approach to optimal policy has been adopted.

However we emphasize (again!) that timelessness is not the same thing as time consistency,

so the long-standing issue of how to sustain the timeless rule given that an incentive to

renege exists along the equilibrium path still remains.

We have noted that it has not been established that the concept of the optimally robust

rule of Giannoni and Woodford (2003a) can be generalized to models with both forward-

and backward-looking endogenous variables. Finally we have indicated how one can extend

the results to the more general case when, for example, there are noisy measurements or

when the shocks cannot be directly observed. Provided the structure of the shocks is known,

the optimal policy rule is still transparent, and depends on past and current values of the

measurements via a set of filtering equations.
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A Summary of Notation

πt producer price inflation over interval [t − 1, t]

it nominal interest rate over interval [t, t + 1]

mct marginal cost

yt, ŷt output with sticky prices and flexi-prices

lt employment

rt expected real interest rate

mct real marginal cost

ot = ŷt − yt output gap

at+1 = ρaat + ǫa,t+1 AR(1) process for factor productivity shock, at

et+1 = ρeet + ǫe,t+1 AR(1) process for mark-up shock, et

uC,t+1 = ρCgt + ǫC,t+1 AR(1) process for preference, uC,t

β discount parameter

1 − ξ probability of a price re-optimization

σ risk-aversion parameter

φ disutility of labour supply parameter

ζ elasticity of substitution between differentiated goods

Table A1. Summary of Notation (Variables in Deviation Form)

B Proof of Theorem 1

First of all write S =

[

S1

S2

]

, A = [A1 A2], B =

[

B1

B2

]

, Q =

[

Q1

Q2

]

conformably with z and

x. Also note that G = (I + βBR−1B′S)−1A = A − βBR−1B′(I + βSBR−1B′)−1SA, so that

G22 = A22 − βB2R
−1B′(I + βSBR−1B′)−1SA2, G12 = A12 − βB1R

−1B′(I + βSBR−1B′)−1SA2.

In addition the Ricatti equation implies that S2 = Q2 + βA′

2(I + βSBR−1B′)−1SA.

The system under the optimal rule is (37), but with p1,t = S1yt + M(p2,t − S2yt). It follows

that we can then write the system as

yt+1 + βBR−1B′

1(S1yt+1 + M(p2,t+1 − S2yt+1) + βBR−1B′

2p2,t+1 = Ayt (B.1)

βA′

22p2,t+1 + βA′

12(S1yt+1 + M(p2,t+1 − S2yt+1)) = −Q2yt + p2,t (B.2)

For the saddle-path condition to hold, we need this system to have n stable eigenvalues and m

unstable eigenvalues. We first note that (B.1) and (B.2) can in turn be rewritten as

(I + βBR−1B′S)yt+1 + β(BR−1B′

1M + BR−1B′

2)(p2,t+1 − S2yt+1) = Ayt (B.3)

βA′

2Syt+1 + β(A′

22 + A′

12M)(p2,t+1 − S2yt+1)) = (S2 − Q2)yt + (p2,t − S2yt) (B.4)

where (B.4) uses A′

12S1 + A′

22S2 = A′

2S. After substituting for yt+1 from (B.3) it follows that (B.4)

can be rewritten as

(G′

22 + G′

12M)(p2,t+1 − S2yt+1) = (p2,t − S2yt) (B.5)

Hence the eigenvalues under this implementation of the optimal rule are the union of eigenvalues of

G, all n of which are stable, and the inverse of the eigenvalues of G′

22 + G′

12M ; if the latter inverses

are stable, then the whole system will be saddle-path stable. We first show that there is at least
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one value of the matrix M which ensures that G′

22 + G′

12M is stable.

Consider the set of left eigenvectors of G, each of which we write conformably with z and x as

[e′i f ′

i ], i = 1, ..., n, so that [e′i f ′

i ]G = λi[e
′

i f ′

i ] i = 1, ..., n. It is a standard result that this set

of eigenvectors spans n-dimensional space, so this implies that there must be at least one subset of

m eigenvectors which has the property that the set {fi} span m-dimensional space. Choose one of

these subsets and write

E =







e′i1
...

e′im






, F =







f ′

i1

...

f ′

im






L = diag(λi1 , ..., λin

) (B.6)

It follows that [E F ]G = L[E F ]. If we multiply this through by F−1, we obtain

[F−1E I]G = F−1LF [F−1E I] (B.7)

or equivalently [N I]G = Λ[N I] where Λ = F−1LF is a matrix with stable eigenvalues. It follows

that we may rewrite this as [N I]

[

G11 G12

G21 G22

]

= Λ[N I], where Λ is a square matrix with stable

eigenvalues; but this implies in particular that NG12 +G22 = Λ, so M = N ′ is one particular choice

of M that ensures determinacy of the system.

Finally, by continuity, there exists a neighbourhood of M = N ′ for which G′

22 +G′

12M is stable.

This completes the proof.
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