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Introduction
This report describes the algorithm used by Dynare to compute optimal policy. In this
type of problems, the model at hand describes the behavior of private agents and the
constraints that they face. On the other hand, the policy maker tries to define to define
the best policy rule to achieve her objective. In that process, the model of the private
economy acts a set of constraints for the policy maker.

This problem has been extensively discussed in the literature and can be addressed
from different angles (see the State of the Art report). The objective function of the pol-
icy maker can be either the one of a benevolent social planner, and aims at maximizing
private agents’ welfare, or aims only at stabilizing the economy and the objective func-
tion is a loss function in the form of weighted sum of variances of variables in the
model that is to be minimized. Note that the framework discussed here doesn’t permit
to discuss dynamic games where the objective of the policy maker is at odd with the
objective of private agents.

The most general approach is approaches the problem with the tools of optimal
control. This approach is discussed in the first chapter of this report. It is known as
optimal policy under commitment or Ramsey policy. No postulate is placed on the
specification of the policy rule. The solution provides the equilibrium tajectory of the
system under optimal policy.

A difficulty in this approach is that the expectations of the private agents enter the
set of constraints for the policy maker. As a consequence, the optimal is not recursive
in the original state variables of the model, but history dependent. This dependence
takes the form of additional Lagrange multipliers that enter the state vector for the
solution. For the same reason, this optimal policy is time inconsistent and is only
valid if the policy maker can commit to never re–optimizing in the future. Hence, its
characterization as optimal policy under commitment. When the policy can’t commit
and re–optimize in each period, private agents end up anticipating this and the system
switch to a Nash equilibrium called equilibrium under discretion. Current algorithms
only permit to compute equilibrium under discretion for linear quadratic problems.

Optimal policy in a timeless perspective is a second best policy that is time consis-
tent by contruction. It is disussed in chapter 2.

Optimal simple rules take an alternative route. In this approach, a relatively simple
policy rule is specified as part of the model and numerical optimization is to determine
the optimal value of its coefficients. This approach is presented in chapter 3.
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Chapter 1

Optimal policy under
commitment

Let’s consider a policymaker who aims at maximizing the current value of successive
period objective functions U (yτ ), where yτ is a vector of n endogenous variables of
the model. In general, the policymaker objective function depends only on a subset of
variables in the model, but writing the function U (yt) preserves generality and makes
notations lighter.

max
{yτ}∞τ=0

Et

∞∑
τ=t

βτ−tU(yτ )

s.t.
Eτf(yτ+1, yτ , yτ−1, ετ ) = 0

The dynamic equilibrium of the economy, conditional on the value of the policy vari-
ables, is described by the set of stochastic difference equationsEτf(yτ+1, yτ , yτ−1, ετ ) =
0, where ετ is a vector of p stochastic shocks, hitting the economy in each period. These
equations contain both the first order conditions for the optimization problems of pri-
vate agents and the constraints that they face. As mentioned above, these constraints
contain the future value of some variables.

For the policymaker to have some instruments to her disposal, there must be a
number constraints inferior to the number of endogenous variables in the model. So, if
the number of elements in f() is m,

f : R3n+p → Rm

there are n − m free policy instruments. Note that the procedure described below
doesn’t require the instruments to be distinguished in advance among endogenous vari-
ables y. Designating policy instruments is more a matter of interpretation than a math-
ematical necessity.
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1.1 Lagrangian
The Lagrangian for the above optimization problem is

L = Et

∞∑
τ=t

βτ−tU(yτ )− λ′τ (yτ+1, yτ , yτ−1, ετ )

where λτ is a vector of m Lagrange multipliers. It turns out that it is the discounted
value of the Lagrange multipliers that are stationary and not the multipliers themselves.
It is therefore handy to rewrite the Lagrangian as

L = Et

∞∑
τ=t

βτ−t (U(yτ )− µ′τ (yτ+1, yτ , yτ−1, ετ ))

whith µt = 1
βτ−tλτ . In what follows, we will keep refering to µτ as Lagrange multipli-

ers, but it should be understood that it is indeed the discounted value of the multipliers.

1.2 First order conditions
The necessary first order conditions for optimality imply that the partial derivatives of
the Lagrangian with respect to the endogenous variables yτ and with respect to the
Lagrange multipliers µτ must equal zero in all periods, τ = t, . . . ,∞.

The presence of forward looking variables in the constraints implies that the deriva-
tives for the first period (τ = t) are different from the derivatives for the following
periods1 :

∂L
∂yt

= Et
{
U1(yt)− µ′tf2(yt+1, yt, yt−1, εt)

−βµ′t+1f3(yt+2, yt+1, yt, εt+1)
}

∂L
∂yτ

= Et
{
U1(yτ )− µ′τf2(yτ+1, yτ , yτ−1, ετ )

−βµ′τ+1f3(yτ+2, yτ+1, yτ , ετ+1)

−β−1µτ−1f1(yτ , yτ−1, yτ−2, ετ−1)
}

τ > t

The derivatives for the first period can be made formally identical to the derivatives for
the following periods by imposition the additional initial condition µt−1 = 0. Techni-
cally, it is this condition that introduces the issue of time inconsistency, because, if the
policymaker reoptimize after period t, she will reset to zero the Lagrange multipliers
for the previous period.

1We indicate the derivative of a function with a subscript that represents the number of argument with
respect to which the function is being derived. E.g.

f2 (yτ+1, yτ , yτ−1) =
∂f

∂yτ
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The first order conditions of this optimization problem are then

Et
{
U1(yτ )− µ′τf2(yτ+1, yτ , yτ−1, ετ )

−βµ′τ+1f3(yτ+2, yτ+1, yτ , ετ+1)

−β−1µ′τ−1f1(yτ , yτ−1, yτ−2, ετ−1)
}

= 0

f (yτ+1, yτ , yτ−1, ετ ) = 0

with µ0 = 0 and where U1() is the Jacobian of function U() with respect to yt.
It is also interesting to note that the addition of the term β−1µ′0f1 (y1, y0, y−1, ε1)

in the first order conditions is equivalent to writing the Lagrangian

L = Et

∞∑
τ=t

βτ−tU(yτ )− λ′τ−1 (yτ , yτ−1, yτ−2, ετ−1)

This makes it clear that the value of the Lagrangian, and of social welfare under optimal
policy, depends on additional initialization terms.

1.2.1 Cautionary remark
The First Order Conditions for optimality are only necessary conditions for a maxi-
mum. Levine, Pearlman and Pierse (2008) propose an algorithm to check a sufficient
condition. This condition is not yet implemented in Dynare.

1.2.2 Nature of the solution
The above system of equations is nothing but a larger system of nonlinear rational
expectation equations. As such, it can be solved by a perturbation approach and be
locally approximated to, for example, first order or second order. The solution takes
the form [

yt
µt

]
= ĝ (yt−2, yt−1, µt−1, εt−1, εt)

The optimal trajectory for the policy instruments, when they are identified, is then
directly obtained as part of the set of g() functions.

1.3 Computing the steady state
A local approximation of the solution is computed around the deterministic steady
state. This is the steady state that the economy would reach in absence of shocks and
under the assumption that the policy maker follows the optimal policy.

The steady state is solution of

U1(ȳ)− µ̄
′(
f2(ȳ, ȳ, ȳ, 0)− βf3(ȳ, ȳ, ȳ, 0)

−β−1f1(ȳ, ȳ, ȳ, 0)
)

= 0

f(ȳ, ȳ, ȳ, 0) = 0
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Computing the steady state

For a given value ỹ, it is possible to use the first matrix equation above to obtain the
value of µ̃ that minimizes the sum of square residuals, e:

M = f2(ỹ, ỹ, ỹ, x̃, 0)− βf3(ỹ, ỹ, ỹ, x̃, 0)

−β−1f1(ỹ, ỹ, ỹ, 0)

µ̃′ = U1(ỹ)M (M ′M)
−1

e′ = U1(ỹ)− µ̃′M

Furthermore, ỹ must satisfy the m equations

f(ỹ, ỹ, ỹ, 0) = 0

It is possible to build a sytem of equations whith only n unkowns ỹ, but we must
provide n−m independent measures of the residuals e. Independent in the sense that
the derivatives of these measures with respect to ỹ must be linearly independent.

At the steady state, the following must hold exactly

U1 (ỹ) = µ̄′M

This can only be if M?, a (m+ 1)× n matrix defined as

M? =

[
M

U1 (ỹ)

]
is of rank m The reordered QR decomposition of M? is such that

M? E = Q R
(m+ 1)× n n× n (m+ 1)× (m+ 1) (m+ 1)× n

where E is a permutation matrix, Q an orthogonal matrix and R a triangular matrix
with diagonal elements ordered in decreasing size.

When U1 (ỹ) = µ̄′M doesn’t hold exactly M? is full rank (m+ 1) and the n−m
last elements of R may be different from zero. When U1 (ỹ) = µ̄′M holds exactly M?

has rank m and the n−m last elements of R are zero. The last n−m elements of the
last row of R provide the n −m independent measures of the residuals e In practice,
we build a nonlinear function with ỹ as input and that returns the n−m last elements
of the last row of R and f (ỹ, ỹ, ỹ, 0). At the solution, when ỹ = ȳ, this function must
return zeros.

When an analytical solution is available

It is often possible to derive an analytical solution for the steady state for a given value
of the policy instruments. Let’s write yx the n −m policy instruments and yy , the m
remaining endogenous variables, such that

y? =

[
y?x
y?y

]
.
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The analytical solution is given by

y?y = h (y?x) .

We have then

f (y?, y?, y?, 0) = 0

Combining this analytical solution with the n −m residuals computed above, we
can reduce the steady state problem to a system of n −m nonlinear equations that is
much easier to solve.

1.4 First order approximation
As usual with the perturbation approach a first order approximated solution is the exact
solution of a first order approximation of the problem. The first order Taylor expansion
of the first order conditions for optimality is given by

Et
{
U11ŷt − f ′2µ̂t − βf ′3µ̂t+1 − β−1f ′1µ̂t−1

−µ̄
(
βf13ŷt+2 + β−1f13ŷt−2 + (f12 + βf23) ŷt+1

+
(
f23 + β−1f12

)
ŷt−1 +

(
f33 + βf22 + β−1f11

)
ŷt

+f24ε̂t + βf34ε̂t+1 + β−1f14ε̂t−1
}

= 0

Et
{
f1ŷt+1 + f2ŷt + f3ŷt−1 + f4ε̂t

}
= 0

where ŷt = yt − ȳ, µ̂t = µt − µ̄ and fij the second order derivatives corresponding to
the ith and the jth argument of the f() function.

1.4.1 The first pitfall
A naive approach ot linear-quadratic appoximation that would consider a linear ap-
proximation of the dynamics of the system and a second order approximation of the
objective function, ignores the second order derivatives fij that enter in the first order
approximation of the dynamics of the model under optimal policy.

1.4.2 The approximated solution function

yt = ȳ + g1ŷt−2 + g2ŷt−1 + g3µ̂t−1 + g4εt−1 + g5εt

µt = µ̄+ h1ŷt−2 + h2ŷt−1 + h3µ̂t−1 + h4εt−1 + h5εt

Note however that yt−2 belongs to the state space of the system only if the second order
cross derivatives between futue and past value of the variables, f13, are different from
zero. This is not frequent in macroeconomic models.
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1.4.3 Drawback from this approach
In first period, the initial condition is µ0 = 0 and the state of the sytem is given by y0.
However, in the rare case where f13 6= 0, the suggested dependency of first period deci-
sion on ε0 and y−1 is spurious. It comes from the fact that the first order approximation
of

µ
′

t−1f1(yt, yt−1, yt−2, εt−1)

is given by

µ̄f1 + µ̂t−1f1 + µ̄ (f11 (I ⊗ ŷt) + f12 (I ⊗ ŷt−1) + f13 (I ⊗ ŷt−2)

+f14 (I ⊗ εt−1))

that doesn’t vanishes for µ0 = 0.

1.5 Dynare implementation
• The model for the private economy is described in the model block.

• The objective of the policy maker is specified the command planner objective.

• The computation is triggered by ramsey policy.

The first order conditions for the problem of the policy maker are computed by Dynare
preprocessor using existing code to compute analytically the partial derivatives. The
augmented model exists only in memory.

It is then possible to use all existing Dynare commands on this extended model.
The equations can be written in a Latex file, using Dynare commands write latex dynamic model

or write latex static model.

1.6 Example
Let’s consider a new-Keynesian model with price adjustment cost.0

The utility function and its derivatives are

Ut = lnCt − φ
N1+γ
t

1 + γ

Uc,t =
1

Ct
UN,t = −φNγ

t

The recursive equilibrium of the private economy is given by
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1

Ct
=βEt

{
1

Ct+1

Rt
πt+1

}
πt
Ct

(πt − 1) =βEt

{
πt+1

Ct+1
(πt+1 − 1)

}
+ ε

At
ω

Nt
Ct

(
φCtN

γ
t

At
− ε− 1

ε

)
AtNt =Ct +

ω

2
(πt − 1)

2

lnAt =ρ lnAt−1 + εt

Note that the equation determining the nominal interest rate is missing.
The Ramsey problem is

maxE0

∞∑
t=0

βt

{
lnCt − φ

N1+γ
t

1 + γ

− µ1,t

(
1

Ct
− βEt

{
1

Ct+1

Rt
πt+1

})
− µ2,t

(
πt
Ct

(πt − 1)− βEt
{
πt+1

Ct+1
(πt+1 − 1)

}
−εAt

ω

Nt
Ct

(
φCtN

γ
t

At
− ε− 1

ε

))
− µ3,t

(
AtNt − Ct −

ω

2
(πt − 1)

2
)

− µ4,t (lnAt − ρ lnAt−1 − εt)

}

µi,t = λi,tβ
t where λi,t is a Lagrange multiplier.

One can derive the following first order conditions:

µ1,t−1
CtRt−1
π2
t

+
1

Ct
[2πt − 1] (µ2,t − µ2,t−1) = µ3,tω (πt − 1)

1

Ct
− µ1,t

C2
t

+ µ1,t−1
Rt−1
C2
t πt
− µ2,t

1

C2
t

[
πt (πt − 1) +

AtNt
ω

(ε− 1)

]
+µ2,t−1

1

C2
t

[πt (πt − 1)] = µ3,t

φNγ
t + φ

ε

ω
Nγ
t µ2,t (γ + 1)− µ2,t

At
Ctω

(ε− 1) = µ3,tAt

µ2,t

ω

Nt
Ct

(ε− 1) + µ3,tNt +
µ4,t

At
− ρβµ4,t+1

At
= 0

µ1,tβEt

{
1

Ct+1πt+1

}
= 0
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The above equations don’t need to be derived by the user as they will be derived
automatically by Dynare, using the same automatic derivator that is already used to
compute the Jacobian of the model.

1.6.1 Dynare code
Here is the code necessary for computing optimal policy in Dynare:

var pai, c, n, r, a;
varexo u;
parameters beta, rho, epsilon, omega, phi, gamma;

beta=0.99;
gamma=3;
omega=17;
epsilon=8;
phi=1;
rho=0.95;

model;
a = rho*a(-1)+u;
1/c = beta*r/(c(+1)*pai(+1));
pai*(pai-1)/c = beta*pai(+1)*(pai(+1)-1)/c(+1)

+epsilon*phi*nˆ(gamma+1)/omega
-exp(a)*n*(epsilon-1)/(omega*c);

exp(a)*n = c+(omega/2)*(pai-1)ˆ2;
end;

initval;
pai=1;
r=1/beta;
c=0.96717;
n=0.96717;
a=0;
end;

shocks;
var u; stderr 0.008;
end;

planner_objective(ln(c)
-phi*((nˆ(1+gamma))/(1+gamma)));

ramsey_policy(planner_discount=0.99,order=1);
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Chapter 2

Timeless perspective

The time inconsistency problem stems from the fact that the initial value of the lagged
Lagrange multipliers must be set to zero for computing Ramsey policy. If, later on, the
authorities re–optimize, they reset these Lagrange multipliers to zero. This mechanism
reflects the fact that authorities make their decision after that private agents have formed
their expectations (on the basis of the previous policy).

However, when private agents expect the authorities to reoptimize in each period,
the economy switch to a Nash equilibrium (discretionary equilibrium) that is in general
inferior to the first best Ramsey equilibrium.

In order to side-step the problem of time inconsistency, Svensson and Woodford
introduced the concept of optimal policy in a timeless perspective. They suggest that
authorities relinquish their first period advantage and act as if the Lagrange mulitpliers
had been initialized to zero in the far away past. Optimal policy in a timeless perspec-
tive delivers obviously a second best optimum.

In practice, one needs to establish how to set the initial value of the Lagrange
multipliers in practice.

One approach is to replace the Lagrange multipliers by previous values of the state
variables and shocks.

Let’s condider a linear approximation of the solution to a Ramsey problem that
takes the form: [

ŷt
µ̂t

]
=

[
A11 A12

A21 A22

] [
ŷt−1
µ̂t−1

]
+

[
B1

B2

]
εt

= A1ŷt−1 +A2µ̂t−1 +Bεt

where yt are the original variables of the model, µt the discounted Lagrange multipli-
ers, εt, the structural shocks, and A1 and A2 are the conforming sub-matrices.

The problem is to eliminate µ̂t−1 from the expression for ŷt by substituting values
of ŷt−1, ŷt−2, εt−1.

We start by a QR decomposition of the A2 sub-matrix:

A2E = QR =

[
Q11 Q12

Q21 Q22

] [
R1 R2

0 0

]
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where E is a permutation matrix, R1 is upper triangular and R2 is empty if A2 is full
(column) rank.

Replacing A2 by its decomposition, the whole system becomes

Q′
[
ŷt
µ̂t

]
= Q′A1ŷt−1 +RE′µ̂t−1 +Q′Bεt.

The lagged value of the Lagrange multipliers, µt−1 is obviously absent from the equa-
tions at the bottom of the above system.

The bottom part of the system can be written

Q′12ŷt +Q′22µ̂t =
[
Q′12 Q′22

]
(A1ŷt−1 +Bεt)

This system in turn contains necessarily more equations than elements in µ̂t.
A new application of the QR decomposition to Q′22 gives:

Q′22Ẽ = Q̃R̃ =

[
Q̃11 Q̃12

Q̃21 Q̃22

] [
R̃1 R̃2

0 0

]
where Ẽ is a permutation matrix. When R2 isn’t empty, the system is undetermined
and it is possible to choose some of the multipliers µt, the ones corresponding to the
columns of R̃2. We set them to zero, following a minimal state space type of arguments.
Note however, that the QR decomposition isn’t unique. Once the economy is managed
according to optimal policy, all choices of decomposition would be equivalent, but the
choice may matter for the initial period. It seems logical to choose the order that would
deliver the highest objective.

Then, we have

µ̂t = Ẽ

[
R̃−1

1

[
Q̃′11 Q̃′21

] ([
Q′12 Q′22

]
(A1ŷt−1 +Bεt)−Q′12ŷt

)
0

]
and

µ̂t−1 = Ẽ

[
R̃−1

1

[
Q̃′11 Q̃′21

] ([
Q′12 Q′22

]
(A1ŷt−2 +Bεt−1)−Q′12ŷt−1

)
0

]

Replacing, µ̂t−1 in the original equation for ŷt, one obtains finally

ŷt = M1ŷt−1 +M2ŷt−2 +M3εt +M4εt−1

where

M1 = A11 −A12Ẽ

[
R̃−11

[
Q̃′11 Q̃′21

]
Q′12

0

]

M2 = A12Ẽ

[
R̃−11

[
Q̃′11 Q̃′21

] [
Q′12 Q′22

]
A1

0

]
M3 = B1

M4 = A12Ẽ

[
R̃−11

[
Q̃′11 Q̃′21

] [
Q′12 Q′22

]
B

0

]
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Chapter 3

Optimal simple rules

In the optimal simple rule approach, the policy feedback rule is specified as part of the
model. The task is to find the optimal value of the parameters of the policy rules for
a given objective function. Most often in the literature, the objective function takes
the form of a loss function that is a weighted sum of unconditional variance of some
endogenous variables. It is this approach that is implemented in Dynare.

The optimal value of the parameters of the policy rule is found by a numerical
optimizer. There is a risk of finding a local minimum and it is the user responsibility to
try different starting values and/or exploring the parameter space via simulation before
choosing these starting values.

3.1 Example
Consider the following 3-equation economy, where yt is the output gap, πt, inflation
and rt, the short term nominal interest rate:

yt = δyt−1 + (1− δ)Etyt+1 + σ(rt − Etπt+1) + eyt

πt = απ−1 + (1− α)Etπt+1 + κyt + eπt

rt = γ1πt + γ2yt

The problem is to find optimal value for γ1 and γ2 so has to minimize a weighted
sum of the variance of inflation and of the variance of the output gap:

Objectif
arg min

γ1,γ2
var(y) + λvar(π)

= arg min
γ1,γ2

lim
β→1

E0

∞∑
t=1

(1− β)βt(y2t + λπ2
t )

3.1.1 DYNARE example
The following code permits to solve the above problem using Dynare:
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var y pie r;
varexo e_y e_pie;

parameters delta sigma alpha kappa gamma1 gamma2;

delta = 0.44;
kappa = 0.18;
alpha = 0.48;
sigma = -0.06;

model(linear);
y = delta*y(-1)+(1-delta)*y(+1)+sigma *(r-pie(+1))+e_y;
pie = alpha*pie(-1)+(1-alpha)*pie(+1)+kappa*y+e_pie;
r = gamma1*pie+gamma2*y;
end;

shocks;
var e_y;
stderr 0.63;
var e_pie;
stderr 0.4;
end;

lambda = 2;

optim_weights;
pie lambda;
y 1;
end;

gamma1 = 1.1;
gamma2 = 0;

osr_params gamma1 gamma2;

osr;

The solution of this problem implies an extremely aggressive monetary policy and
corresonding very large values for γ1 and γ2:

γ1 = 92.8

γ2 = 68.4.

This is not surprising once one realizes that nothing in the objective function penalizes
a high variance of interest rate. Indeed, the above results involve a variance of interest
rates equal to 10.6.
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A more realistic model would use an objective function that includes a penalty for
high variation in the interest rate:

min
γ1,γ2

var(y) + var(pie) + 0.2var(dr)

where drt = rt − rt−1.
For such a model, one obtains

γ1 = 4.1

γ2 = 0.6
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